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ABSTRACT

In this article, we prove the existence and uniqueness of a
renormalized solution of a class of elliptic problems posed in a two-
component domain ) € RN, N > 2 with L! data. On the interface,
we prescribe that the jump of the solution is related to the flux
nonlinearly.

Existence is proved by a classical approximation argument: we
introduce an approximate problem and show that its solutions
converge to a renormalized solution. The uniqueness result requires
certain strict monotonicityconditions and an additional interface
regularity lemma

INTRODUCTION

In this work, we study renormalized solution to a class of elliptic
problems set in a two-component domain Q € RN,N > 2 with
nonlinear imperfect transmission on the interface. More
specifically, we study the problem that was considered by Donato
and Le Nguyen (2015), which models thermal conduction in a two-
component domain with nonlinear transmission on the interface.
However, in place of square-integrable data f, we consider an
integrable function f, that is, f € L'(Q). As such, the two
components of ), denoted by (; and (), are disjoint open subsets
of () that share a common boundary, denoted by the interface I'.
The open sets ; and €, model the region occupied by two
materials interacting through the interface I' as described by
Auriault and Ene(1994), Carslaw and Jaeger (1959), and Hummel
(2000). In this model, the rate of heat exchanged between the two
materials through the interface depends nonlinearly on the jump on
the interface.

To be precise, we analyze the following class of elliptic problems:
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—div(A()Vuy) + g1(x,ug) = f  inQy,
—div(A(x)Vu,) + g (v, uz) = [ inQy,

u, =0 on 41, (@9
(A)Vu)v, = —(A(x)Vu,)v,  onT,
(A(x)Vuy)vy = —h(x,uy —u,) onl.

The functions h, g, and g, are nondecreasing Carathéodory
functions that capture the nonlinearity of the problem. The function
f is in L}(Q), while the matrix field A, which represents the
conductivity of the material, is assumed to be bounded and elliptic.
Unlike classical domains, problems set in two-component domains
require an interface coupling, represented by the function h, that
models the interaction between the solutions in the two-
components.

The nonlinear term h is motivated by the fact that in some
experimental results, the interface flux is nonlinearly related to the
solution jump (one may refer to (Carslaw and Jaeger 1959)).

Problem (1) was previously stuided in (Monsurrd 2003; Monsurro
(Erratum) 2003) by studying its weak solutions and
homogenization in its linear form with g, and g, equal to zero and
h depending on x only.

Since the datum belongs only to L*(Q), the existence of a weak
solution is not guaranteed. We therefore work within a different
solution framework suitable for such low-regularity data.

There are various frameworks that can be used for weak data (e.g.,
L' data, measure data). Relevant frameworks include the
following: solutions obtained as limit approximations (SOLA) -
introduced by Dall’Aglio in (2021); entropy solutions - introduced
by Benilan et al. in (1995) and renormalized solutions - introduced
by DiPerna and Lions (1989).

DiPerna and Lions (1989), the authors showed the existence and
uniqueness of renormalized solutions to the Boltzmann equation,
which is a first-order PDE. Murat and Lions in (Murat 1991; Lions
and Murat. Sur les solutions renormalisées d’équations elliptiques.
(unpublished manuscript)) paved the way for the adaptation of the
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renormalized solution for second-order problems. To date, there is
an extensive literature that present existence and uniqueness of
renormalized solutions of different problems. Examples include
(Dal Maso et al. 1999; Betta et al. 2015; Betta et al. 2019; Fulgencio
and Guib¢ 2021a, 2021b; Guibé and Oropeza 2017).

Fulgencio and Guibé 2021a, 2021b) studied the quasilinear version
of (1) was studied where g; =0, i = 1,2 and the function h is
linear with respect to the second variable. The definition of the
renormalized solution of (1) (see Definition 5) is inspired by the
definition in (Fulgencio and Guibé 2021a, 2021b). In particular, the
additional trace condition of the solution are adapted from
analogous conditions in (Fulgencio and Guibé 2021a).

The main difficulty here is dealing with the nonlinear terms both in
the interface integral and in the integrals over the two components,
Q, and Q,. Moreover, when proving uniqueness, we need to prove
that a solution is in L'(Q) and its trace is in L}(T), to justify
passage to the limit in the relevant integrals. This will be done by
using the ideas from Boccardo and Gallouét (1989). Moreover, we
also need to assume that at least one of g, and h in (1) is strictly
increasing.

This article is organized as follows. In the next section, we discuss
some preliminaries. Here, we present the assumptions that we
impose on the problem and the appropriate function space. The
third section is dedicated to our existence and uniqueness results.
We first consider an approximate problem to prove the existence
of a solution. For uniqueness, we establish an interface regularity
lemma.

PRELIMINARIES

In a given domain Q € RNwith N > 2, consider an open subset
Q, c Q such that (1, is properly contained in Q (see Figure 1). We
define Q; = Q\Q, and ' = 9Q,. Given a function u defined
almost everywhere on (), we denote by u; the restriction of u on €);
fori = 1,2, thatis, u; = ulq,.

Figure 1: The domain Q with its components Q1 (purple) and Q2 (blue).

Notice that, due to the nature of a solution to (1), we need to
introduce a function space adapted to the transmission problem.
We define the following Sobolev space V:

V={(up,uy):u; €V; and u, € H(Q,)}

where V; = {w € H}(Q):w =0 on dQ}. We equip V with
the following norm
lw IG=1 Vuy W2,y I Vit 12,y +llug = 12y,

It may be shown to have an equivalent norm according to the
proposition below.

Proposition 1. (Monsurrd 2003) There exists a constant ¢,,c, >
0 such that

e llu lly<llully,xpra,y< 2 lully.

The properties imposed to the given functions in (1) are listed
below.

Definition 1. A function f(x,y) on R¥Y x R - R is said to be
Carathéodory if the following condition holds:

1. f(,y) is measurable for every y € R; and

2. f(x,) is continuous for almost every x € RV .

Definition 2 (Assumption 7;). A function g:R¥Y X R - R is
said to satisfy H; if g is a Carathéodory function such that g(x,-)
is a nondecreasing function in C1(R) with g(x, 0) = 0 for almost
allx € RY,

Definition 3 (Assumption 7,). A function g:R¥ X R - R is
said to satisfy 3{, if there is a constant B; > 0 such that

0
99 x,t)| < B, for almost every x € () and forall t € R.
ot 9

Remark 2. (Donato and Le Nguyen 2015) Let g be a function that
satisfies }, and let By be a positive constant as in Assumption H;.

Then, for all x € Qand s € R,

sag
lg(x, )| = 1g(x,8) —g(x,0)| = f 3¢ (o) dt| < Byls|.
0
Moreover,
bag
lg(x,b) — g(x,a)| = f E(x, t)dt| < By (b — a).
a

Definition 4 (Assumption H3). A function g:R¥ X R - R is
said to satisfy H; if there exists a constant C > 0 such that
tg(x,t) = C|t|? for almost every x € Q and for all t € R.

We then impose the following assumptions for problem (1).

(A1) The function f is in L1 ().

(A2) The matrix field 4: Q - RV*VN is in M(a, B, ), that is,
a. alé|? < A&-é&forallé € RV
b. |A&| < B|¢| forall € € RV,

(A3) The functions g, and g, satisfy Assumptions H; and
H,.

(A4) The function h satisfies Assumptions H;y, #,, and H;.

Remark 3.  Assumption H, in this work is a special case of
assumptions H,, and H, in Donato and Le Nguyen (2015).

A weak solution to (1) may not exist if we assume that f € L1(Q)
instead of f € L?(Q). Hence, we use the renormalized framework
introduced by DiPerna and Lions (1989) and extended to second-
order problems by Murat and Lions(1991). We first define the
truncation function is given by

for s>k
Ti(s) =1s for —k<s<k
-k for s<-—k.
Y
10 +
5 4
. . xr

—10 10
51
710 1

Figure 2: The truncation function of height 10.
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Remark 4. Lets,t € Rwiths # t.

1. Since Ty, is nondecreasing,
Ti(s) = Tie(t) >0,
s—t

2. Also Ty is Lipschitz continuous with constant 1, that is,
Ti(s) = Tie(O] < |s — t.
Then,

(Ti(s) = Te(®)” < (Te(s) = Te(®) (s — 1) @

3. If g is afunction satisfying 3t,, then for all x € RY,

|(Tie(s) = T (1)) (g (%, 8) — g (x, 1)
< CTie(s) = Te(Olls — t]-

4. If g is a function satisfying Hs, then there exists a
constant gy > 0 such that for all x € RV,
(Tie(s) = Te (1)) g (x,s — 1)

_ <Tk(5) - Tk(t)) (5= g s—0)

s—t
3)
= (LS; = f"(t)) (90)(s — 1)?

= 9o(Tie(s) = T () (s — 1.

5. If g(x,t) is nondecreasing with respect to the second
variable, then for all x € RN,

(Te () = T () (9 (x,8) — g(x,8)) = 0. 4

In particular, if g(x,0) = 0, for a.e. x € RN, then
sg(x,s) = 0.

The properties above, except property 2, also hold if we replace Ty,
by any nondecreasing function in R.

. Because a solution of (1) is not known a priori to belong to a
Sobolev space, we define its gradient and trace through the
gradients and traces of its truncations. In particular, we have the
following proposition, which was proved by Fulgencio and Guibé
(2021a) with the proof inspired by Bénilan et al. (1995) and Guibé
and Oropeza (2017).

Proposition 5 (Bénilan et al. 1995; Guibé and Oropeza 2017,
Fulgencio and Guibé 2021a). Let u = (uy,u,): O\I' = R be a
measurable function such that T,,(u) € V for every k > 0:
1. Fori =12, there exists a measurable function G;: Q; —
RY such that for all k > 0,
VTk(ul-) = Gi)({lui|<k} a.e. in .Q.i,
where X, <k} denotes the characteristic function of
the set {x € Q;: |u;(x)| < k}. The function G; is defined
to be the gradient of u; and we write G; = Vu,;.

2. Suppose

1 2
P IO} <o

Then there exists a measurable function w;: T —

R, for i=1,2, suchthatforallk >0,

yi(T(w)) = Te(w;) ae.in T, wherey;: H(Q) —
L*(T) is the trace operator. The trace of u; is defined to
be the function w; and we write y;(u;) = w;.

We now have the definition of a renormalized solution of (1).

Definition 5. Let u = (uy,u,):Q\['> R be a measurable
function. Then, u is a renormalized solution of (1) if

Ty(w) €V, forall k> 0; (5)

(w1 = u) (T () — T (u)) € L'(D),  forall k>0; (6)

1
lim — A()VuVudx = 0; @)
koo ke S <iey

1
lim 7 [ (=) (1) = Te(w) do = 0; (8)
r

k—co

and for all ,,9, € C1(R) (equivalently, ;, 9, € WL*(R))
with compact support,

fﬂ W () AGO Vi, Vb, dx + fn P () AQ)Vity Vb,

+ | o1 (u)A) VY Yy, dx + 2 V3 (u)A(X)Vu, Vu, dx
Qq Q;

+ f W1 ()1 (6, 1)y dx + f ¥y ()Gt u) by dx (9)
Q Q;
+ fr B Gt — 12) (Pupr (r) — oo (up)) do
= [ fopru)dx+ f £ o (uz) dx
Q, Q,

for ¢ = (¢1, P2) €V N (L™ (Qy) X L7 (Q)).

Remark 6. The proof that the first four integrals and the last two
integrals in (9) are well-defined is very similar to that of in
Fulgencio and Guibé (2021a). We show that the remaining
integrals in (9) are also well defined.

Let 1,9, € C1(R) with compact support and ¢ = (¢4, ;) €

Vn(L*(Qy) X L*(Qy)). For the integrals involving g, and g,

by Remark 2, fori = 1,2,

[¥i(u) g (6, w) il = [P () gi(x, T (W) @il < Cnll P oy
I &; Nlogay),

where for some n>0 , suppy; €[-nn| . Hence,
Yi(u)g;(x,u))p; is integrable over Q; for all ¢; €V N
(L= (1) X L*(22)).

For the integral on the interface, for k > 0, define the continuous
function S;,: R - R by

0, ift > 2k
t
—E+2, ifk <t<2k
S, =11, if —k<t<k (10)
t
E+2' if —2k<t<-—-k
0, ift < —2k.
Y
Ss
0.5t
‘ ‘ X
—10 -5 5 10
—0.5 +

Figure 3: The graph of the function S;.
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Observe that since suppy; € [—n, n],

hQx,u; — uz) PP (uyg)
= h(x,u; — ux) P11 (Ug)Sn (1)
= h(x,uy — ux)P1 (Y1 (Ug) — Y1 (©2))Sn(u)
+h(,ug — up) 1P (Uz)Sp (Uy)-

an

Noting that ), is a C1(R)-function with compact support, we have

[W1(s) = Y1 (O] <N Y1 lpowy |5 = E]-

Also, because P, has compact support contained in [—n,n], it
follows that

[1 (uy) — 1 (up)| = |1;[)1(Tn(u1)) - ¢1(Tn(u2))| <
RV Il oo (my | T (uy) — T ()

Since h satisfies Assumption 3,, there is C > 0 such that
hQ,uy — up)pr (Y1 (wg) — 1(u2))Sn(wy)
< Clug —up| Iy Izl Y1 Il oo (my |Ton (1) — Ton(u2)-

By (6), the term on the right-hand side of the preceding inequality
is in L(T). Hence, h(x,u; — u2)¢1(1,b1(u1) - ¢1(u2))5n(u1) is
integrable. Observe that for the other term in (11), by noting that
suppy; € [—n,n] and suppSy, € [—2k, 2k], for any k > 0, we
have by Remark 2,

[P, uy = uz) 131 (U2)Sn (U] = (A (X, Ton (ug) — T (U2)) P13 (42)Sn (ur)|

Proof. Taking ¢; = Ty (uf) as a test function in (12), we obtain

A (x)Vuf VT (uf) dx + f A (x)Vus VT (us) dx
1 2

Q Q

+ f 91 G0 ud)T(uf) dx + f G2 (6 U5 T (uf) dx
Qy Q;

(15)
+ f h G, — uf) (T () — Ty (uf) do
T
= femeunax+ f £¢ T (u) dx.
Qq Q,
By the ellipticity of 4, fori = 1,2,
@ Il VT (uf) 12, < f A (X)VTy (uf) VT, (uf) dx

- (16)

= f A (X)Vui VT, (uf) dx
Q

i

Note that the integrals involving g; and g, are nonnegative.
Indeed, since g, and g, satisfy Assumption H; and T} is
nondecreasing with T}, (0) = 0, it follows then that for i = 1,2,

f i (e, u)T (w;) dx = 0. a7
Q;

For the integral over T, since h satisfies Assumption H3, from (4)
of Remark 4, we have

= BnllTan(u) = Tn Q)T L 1 =l ¥ oy 8 7, ) sk — u8) < hCx,uf — u) (T = T @), (18)

< B,(3n) Il ¢ llz2ocapll Yy llomE Ll(l“).

Since h(x,u; — up)p W, (wy) is a sum of LY(T) functions, we
conclude that it is integrable. A similar argument to conclude the
same result for h(x,u; —uy)P,¥,(uy) . Thus, the interface
integral is well defined.

MAIN RESULTS

We begin this section with a few lemmas needed to prove existence
of a renormalized solution of problem (1). After proving existence,
we establish uniqueness.

Let £ € L2(Q) be a sequence of functions that converges strongly
to the function f in L!(Q). We begin by studying the approximate
problem:

Find u®= (u{,uj)ev

f A(x)Vui Ve, dx + f A (x)Vu5 Ve, dx
Q Q

1

such that

+ f 01 (o uS)dy da + f G2 (6, uE) by dx
1 Q;

° (12)
+ rh (x,uf —u5)(¢1 — ¢p) do
= [ rediaxs [ fogaan

0, Q,
forany ¢ € V.

The existence and uniqueness of the weak solution of (12) were
established by Donato and Le Nguyen (2015) using the Minty-
Browder Theorem.

Lemma 7. Let u® = (uf,ub) be a solution to (12). Then for any
e>0andk >0, there exists a C > 0, independent of € and k,
such that

I T (u®) II5< Ck (13)

and

f h (x,uf — ug) (T, (uf) — To(us)) do < k. (14)
r

It then follows from (2) of Remark 4 that

[ 1ot = ) ) ~ 1) do = o [ (8 — 1) (T ~ i) do

' ’ (19)

> hy [ (Ty(ut) - Te(u))” do.
r

For the integral on the right-hand side of (15), since f& — f
converges strongly in L*(€), it holds that there is some M > 0,
independent of ¢, such that

I fela< M, Ve>0.

Then, since |Ty| < k,

f FET () dx + f £ Te(ug) dx <Il £ ll1q) k < Mk. (20)
0, Q,

Inequalities (16) to (20), when combined with (15), imply that
min{a, ho} | T (u®) I2< a || VTi (uf) "12_2(91)+ a Il VT (u3) ”iz(ﬂz)
+ f (Tie (i) — T ()R (e, u — uS) dx
r
< a Il VT () 20, + @ I VT (W) Ni2(q,)
tho Il Te(uf) — Tie(u$) Iz r)

<Il ¢ ||L1(Q) k
< Mk.

Since all the terms in the inequality above are nonnegative, we have
(13) and (14).

The arguments used in the proof of the following lemma are
analogous to those in Fulgencio and Guibé (2021a) and Guibé and
Oropeza (2017).

Lemma 8. Let u® = (uf,uf) be a solution to (12). Then there
exists a measurable function u = (uy,uy) in Q\T that is finite a.e.,
with

Ty(w) €V forallk €N 21
such that, up to a subsequence (still denoted by {€}), the following
convergences hold as € tends to 0:
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ui > w; a.ein (;,
Tie(uf) = Tie(w;) strongly in L2(£;), a.e. in {;,
vi(uf) = vi(wy) a.e.onT, (22)

strongly in L2(T), a.e.inT,
weakly in (L2(Q;))N.

Yi(Te @) = vi(Te (W)
VT (uf) = VT (w;)

The following lemma is essential for passing to the limit of the
integrals in the proof of the existence result (see the proof of
Theorem 10).

Lemma9. Let u® = (uf, u$) be a weak solution to (12) and let {&}
be the subsequence in Lemma 8. Then,

1
lim limsup— <f A (x)VT,(u?) - VT,,(u®) dx) =0
n-o+ow o0 N Q\r
. 23)
lirJP limsup—<f(uf —u) (T, (uf) — Ty (u3)) da) = 0.
r

n-+o 50 N

Proof. By Lemma 8, there is a subsequence, still denoted by &, such
that u® = (uf, uj) satisfies (22). Using ¢; = %Tn(uf) as a test
function in (12), we obtain

1 1
—f A (x)Vui VT, (u3) dx + —f A (x)Vus VT, (ub) dx
nJa nJg

1 2

1 1
+o f 91 Co U T (uf) dx +— f G5 G u§)T, () dlx
nlo, nJo,
1
[ ot = ) () — T ) dor
r
1 1
== [ reruydx+=> f £€ T (u) dx.
nJq, nlo,

By (12) and (18), we have
— (f A (X)VT, (uf) VT, (u3) dx + f A (X)VT,, (us) VT, (u5) dx
n Ja, Q4

+h fr (T () — Ty (u)) ( — uf) do)

1 1
< - fET,(u) dx + - fET,(ub) dx.

Q Q,

Since f€ — f strongly in L' (Q) and T, (uf) — T,,(u;) weakly-* in
L*(Q;), fori = 1,2, we have

limf fET,(uf)dx = f f T, (u;) dx.
&-0 Q ;

Moreover, since for i = 1,2, u; is finite a.c.,

ETn(ui) -0 asn-— oo,

and since [T, ()| < n,

1

|| <111 e @),
by the Lebesgue dominated convergence theorem,
fT,(u)dx =0.

o1
lim —
n-on Qi

Taking the limit as € — 0 and then the limit n — oo of both sides
of (24), we obtain
1
lim limsup - (f A (X)VT,(uf) VT, (u) dx + f
oA

n=0 g0 Qy

A (X)VT, (u3) VT, (ub) dx
+ho [ (uf = ) (T u) = Ty ) da)

r
n-co \Nn

< lim lf fT(u)dx+lf fTa(u)dx | =0
- Ql n 1 nﬂz n 2 - .

Since all integrals above are nonnegative, this proves (23).

(24)

Theorem 10. Let {u® = (uf, us)} be a subsequence as in Lemma
8 with ui - u; a.e. on Q;. Then u = (uy,u,) is a renormalized
solution of (1).

Proof. We show here that the limit u = (uy,u,) of the
subsequence u® = (uf,u$) is a renormalized solution of (1) in the
sense of Definition 5, that is, u = (u,, u,) must satisfy (5)-(9) .

Note that by (21) of Lemma 8, we have (5). For (6), by Fatou’s
lemma and inequalities (14) and (18),
Gt = i) = T o < timin [t — ) (i) ~ o) o
1

< liminf—jh (x,uf — u) (T, (uf) — T (us)) dx
&0 hgy Jp

Mk
<—.
<

This verifies (6). To prove that u satisfies (7) and (8), note that by
lower semicontinuity of the weak convergence,

1 1
—J. A (x)Vu - Vudx = —J. A (X)VT,(u) - VT, (u) dx
™ Jijul<ny nJor

1 (25)
< liminf— | A (x)VT,(u®) - VT,,(u®) dx.
20 MJo\r
Moreover, by Fatou’s lemma
1
- = T = T do
' (26)

1
< liminf—f (uf — ud) (T, (uf) — T, (ud)) do.
>0 n r

Then, conditions (7) and (8) follow from (23) of Lemma 9, (25)
and (26).

Next, we show that u satisfies (9). Let ¥, € C1(R) with
compact support and let k > 0 such that

suppy; & [k, k] (27)
and let n > k. Recall the function S,, defined in (10). Observe that
S, satisfies the following properties:

1
[S.(M] <1 and |S,(M)] < — forae.r € R, (28)
and
1
[S,(s) — S, (D] S;|s—t|, forany s,t € R. (29)
Note first that
Sn(uf) = Sp(Ton (W) € HH(Q) NL™(Q), =12

Let ¢ = (¢, by) € V 0 (L°(9) X L2(Qy)), and set
v; = oy (u;)S, (uf).

Using v = (vy,v,) €V N (L®(Q;) X L(Q,)) as a test function
in (12), we have

Ly 1y + oy + Iy + Isy +Isp + g + 1gy + Is = ey + 6, (30)
where

Iy = f A GOVUE - Vit () S () dx
Q.

i

Iy = f A COVAE - Vg il () S (uf) dx
Q.

i

Iy = f AQOVHE - Vuf iy () S (uf) dx
Q;
i = [ g Geounoi s, ) dx
Is = J;h (x, uf - u;)(¢1¢1(u1)5n(uf) - ¢2¢2(u2)5n(u§)) do

Ig; = _Lf vy () Sp (u) dx.

We evaluate the limits of integrals above as € — 0.
Note that since suppS,, = [—2n, 2n], we have
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Sn(uf)vuie = Sn(uf)VTZn(us)-
Moreover, by the boundedness of 1 and by (A2),
V() Vo € L2(Q) and A(x) € L*(Q).
By (22), of Lemma 8 and (28), and the continuity of S,,,
Spf) = S, (w;) weakly-*in  L*(Q,).
It follows from (22) of Lemma § that

limly, = lim f A GOVT (uf) - Vb hy () S, (1) dix
-0 &e-0 Qi

(D

- fn ACOVT0 (1) - Veby 1y () Sy ()

= [ 4CoTu - Vi St dx.

Q;

By (27), we may take n as large as possible so that S,, (u;); (w;) =
¥; (w;) and so,

lim lirrélli = | ¢; u)AX)Vu; Vo, dx. (32)
£ Q

n—-oo
For the limit of I,;, by (27),
Vu; pipi(u) = VT (u) i (w;) € L2(Q)).

It follows from (31) and the fact that n > k that
il = lim [ 4 GOVIL() - Tt i S )
£ Ftd ni

- f AGOVT () - ity it () Sy 1) dlx
O

= [ GOV - T i )S, ) d.
Q;
Using the fact that ; (4;)S, (w;) = ¥;(u;) from (27),
lim lim/,; = f &; i (u)A(x)Vu,; Vu; dx.
Q;

n—coe—0

(33)

For I;, by (28) and (23),

lim limsup|/3;| < limlimsup f A (0)Vuf - Vuf ¢p;(uy) Sy (uf) dx
o0 g0 noo e [Jg,

1
< 20 ¢y ooyl ¥i gy lim limsup—

f A (x)Vuf - Vuf dx
&0 AT S\ <oy

=0.
Hence,

lim limsup/;; = 0. (34)

n-o ¢

For 1,;, observe that
[ 80 ou o s, dx = [ g1 G TN w)S () .
Qi Q;
Note that by Remark 2,
S0 () g (X, Ton (U))| < By|Ton(ui)| < 2nBg,
and hence, by (22) of Lemma 8 and (31),
Su(i)g(x, Ton (ui))
- S, (u)g(x, Ty (u;))  weakly-* in L7 (Q;), for a.e. x € Q.

This gives
tialy = | g 06 Ton )bt () .
Q;

Since g; (x, Ton (u;))Sn (u)¥; (w;) = g; (6, u)P;(w;) and n =k,
we obtain

limlimty = [ oG uwgdr. ()
n—ooeg—0 ;
For I5, we may write
Is =I5y + Isp + Is3 — sy (36)

where

I, = fr B (15— U)ot (1) S () (S (1) — S, (1)) do,
Is = fr B (1§ — )b (1) (uB) S (1) i,
Is; = fr B (15— )y (115) S (uS) (Si (1) — S (uS)) dlo,
Iss = fr h (1§ — )bt (1153 () Sy (u5) d.

By (29) and noting that S,, (uf) = S, (Ton(uf)), we have

1
1Sn(uD) = Sn (| <~ 1Ton (u) — Ton (uz)1- (37)
It that
[Is1] < hy I @1 Nporyll 1 Npo(my
1
IS My 3 [ 1 = w117 ()
r
—T,(uf)| do.
By (23),
lim limls; = 0. (38)
n—-ooe-0
Similarly,
lim lim/s; = 0. (39)

n—ocoe—0

For I5,, note that
|h(x, uf = uz) 1y (u1)Sn (U3)S2n (ui)|
= |h(x, T (u1) — Ton (u3)) P11 (1) S (U3)Sz0 (u)]
< hy @1 leyll ¥y oy | Tan(uf) — Ton (uf)]
< hy ll @1 ooyl Yy llpo(my (6M).

Since
h(x, uf — u5) P11 (Ug)Sn (U5)Son (uf)
= h(x, Uy — up) P11 (Ug)Sn (U2)Son (U)

ae. on I' as e >0, it follows from Lebesgue dominated
convergence theorem that

lim/s, = fr B (e, = 142) byt (1)1 (1) S (1)

Recall that suppy; € [—k, k] from (27) and n > k, so that
h(x,uy — up) 1y (Ug)Sn (Uz) Son (Us)
= h(x,uy — uz) P11 (Ug) S (u2)-

Since S, (u,) converges to 1 a.e. on I" and
[hCx, uy — u) P11 (Ug)Sn (U2)S2n (U)|
< h|(Ton (1) — Ton(u2)) 11 (wa)|
< 4nhy |l ¢y Nyl Y1 o (gy-

It follows from Lebesgue Dominated Convergence Theorem that

lim lirréls2 = fh (x,uy — uy) 1 (uy) do. (40)
Nn—00E— r

It can also be shown with the same argument that
lim lir%IS4 = fh (e, uqy — uy) o, (uy) do. 41

Hence, combining (36), (38), (39), (40), and (41) yields
lim lim/5 = J;( G191 (U1) — P22 (Uz))h(x, uy — uy) do. (42)

n—coe—0

Lastly, for I;, by (31),
liml; = f £ 00 () () dx.
Q;

Noting (27), we obtain
lim liml,; = f fo;(w)dx.
Q;

n—-ooe-0
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Combining (32), (33), (34), (35), (42) and (43) into (30) gives us
the renormalized formulation (9). This completes the.

We now turn to uniqueness. We first prove the following lemma
showing that the solution and its trace are L' -functions. This
regularity is essential for passing to the limit in some of the
integrals.

Lemma 11. Let u be a renormalized solution of (1). Then u; €
wta(Q,), i = 1,2, where1 < q < % In particular, u; € L'(Q;)
and y;(u;) € LX(T") for i = 1,2, where y; is the trace operator
defined in Proposition 3.

Proof. We follow the arguments used in Boccardo and Gallouét
(1989). We begin by showing that
| Vu;|2dx < C,
Di,n
where
Dip={x€eQn<|ukx)| <n+1}
Fix n, k € N such that k > n + 1. Define 6,, as

1, ifs>n+1
s—n, ifn<s<n+1
6,(s) =<0, if —n<s<n
s+n, if —n—-1<s<-n
-1, ifs<-n-—1.
1+
05 t
-2 2 4 6
—1

Figure 4: The graph of the function 6.

Then 6,(u ) €V N (L*(Q,) X L®(Q,)) . Letting ¢; = 6,,(u;)
and Y; = Sy, (as defined in (10)) in (9), we obtain

A1 +A2+Bl+Bz+Cl+C2+D =E1+E2,
where

A= f St ()0l () A(X) Yy Vay; dc
Q.

(44)

i

B; =f 0 (u)Sk (u)A(x)Vu; Vu; dx
Q.

i

¢ = f Sy () () 9 (6, 1) dx
QO

i

D= J;h (6 ug — u) (S (U1)On (ug) — S (U)W (uz)) do

E = f £ k(i) (1) dlx.
Q;

We compute the limit of each term in (44) as k — +oo.

For A;, since k = n + 1, we have the following inequality:
ISk () 6r () A(X) Vit V| < JAQOVT 0 () Vg ()]
€ L1 (Q)).
By the Lebesgue Dominated Convergence Theorem,

klirp fSk (u) 6y, (u)A(x)Vuy; Vy; dx:f 6, (u)A(x)Vu; Vu,; dx.
Tre o, Q;

Thus, by the ellipticity of 4,
A (0)Vu; Vu; dx = af

{n<|uj|sn+1}

lim 4; = | Vu;|? dx. (45)

ko+oo {n<lujlsn+1}

For B;, by (28) and from the definition of |8,,| < 1, we have
1
165 (i) S () A(x)Vu, V| < 7 1ACVT, (u) VT (uy)] € LY(Qy).

Thus,
1
lim |B;| < lim—f | A(x)VTy (u;) VT (u;)| dx = 0. (46)
k—coo k—>0k R

Now, for C;, note that when s < 0, 6,(s) < 0and g(x,s) <0,
and if s > 0, 6,,(s) = 0and g(x,s) = 0. Hence, 6,(s)g(x,s) =
0, for any s € R. Since Sj is nonnegative,

C; = 0. “47)

For D, consider the following decomposition
D = [ Gty = )55 ) (On 1) = B (u2)) do
r

+th (6 us = up) (Sie (1) = Sic(U2)) 0 (1)) do.

Since h satisfies Assumption 5, S, is nonnegative and 8, is
nondecreasing, we may apply (4) of Remark 4 to get

h(xv U — uZ)Sk(uZ)(en(ul) - Bn(uz))

On(u1) — On
= (1 — up)h(x,uy — uz)Sk(“z)%)fuz(m

1
> C(uy — up)?Si (uz) w >0

2

Then
D= frh (6, ug — uz) (S (Ur) — Se(u2))8,(wy)) do.

Using inequality (37),
1
1Sk (ug) — Si(uz)| < % | T2k (Ug) — Tor (u2)|-

Then, Remark 2 implies that for all k,
fl h(x,uy — ug)(Se(Uy) — S (u2)) 0 (uy)| do
r

B
< [ s =) (T at) = T o
r

Since u is a renormalized solution of (1), by (8), we have
Jim f | R wy = u2) (Ske(ur) = S (u2))6n (u1))| do = 0.
r

Thus,

li,glinfD > 0. (48)
Observe that |fS, (u)0, ()| < |f| € L*(Q) by the boundedness
of Sj, and 8, above by 1, and S (u) = 1 a.e. on Q. By Lebesgue
dominated convergence theorem,

lim |E;| < f | £ dx. (49)
k—oo Q

Altogether, (44), (45), (46), (47), (48) and (49) imply that
1
.12 < =
Din|Vul| dx < p Il f 2 (0)-
Applying Lemma 1 of Boccardo and Gallouét (1989), we conclude
thatu; € WH(Q) for1 < g < %
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Theorem 12. [f either g, or h is strictly increasing, then the

renormalized solution of (1) is unique.

Proof. Suppose that u = (uy,u,) and v = (vy,v,) are two

renormalized solutions of (1). Let n € N and k > 0. Note that
Sn@)Sp (W) Ty (Ton (W) — Ton (v)) € Hg(Q) N L ().

Setting Y; =S, and ¢ = S,,(V)(Ti(Ton(w) — To,(v)) in the
renormalized formulation (9) of Definition 5 for u, we obtain

Li+ Lo+ Ly 1y + I3+ Iy + [y + Ly + 15 = Iy + gy, (50)
where fori = 1,2,

i = [ S0 @OSKEOTLGu = v0AGTu - o dx

Q;

b = [ S0 QSO s IACIT - (T = T0) dx

i

Iy = [ $2 @08 QT = v)AGTu T dx
Q;

L = [ S0 @)SH 0900w Ty = ) dx

Q;

Iy = J.h (0 uy — up) (S (U Sn (W) T (ug — v1) — Sp(U2) S (V) Ty (U — v3)) do
r

It = [ £ S, @0Su@OTiu = v) .
Q;

Similarly, setting ¢; = S, and ¢ = S,, (W) (T (T, (0) — T2, (V)
in the renormalized formulation (9) of Definition 5 for v gives us

Jin izt + e HJa1 + 32 tJar + a2 + 15 = Je1 + 62, (51)
where fori = 1,2,

Ji= [ S0 081 @OTec — v)AGTv - dx

o= [ 2 @08 @R s AT (T = V) dx
Q;
Ja= [ 2 @OSHEOTe — v)AGI T Ty, dx

Q;

Jui = fs )09, (1) (T (s — 1)) dx

Js = J.h (6, 11 = 1) (Sn (u) S (V1) T (Uy = V1) = Sp(U2) S (V)T (u, — 1)) do
r

o= [ £5,)S, 0Ty = v .
Q;

Subtracting (51) from (50), we consider the limits of the differences
of the corresponding terms as n tends to infinity with k fixed.

For I;; and Jy;, using that matrix field belongs to M («, 8, (1), that
[Ty | < k, and (28), to get

2 2
it = (2) (] 19w 9w ax)
2 2
il < (%) (fAiWulw - |Vvi|dx) ,

where A; = {|u;] < 2n} N {|v;| < 2n}, i = 1,2. Now, using the
Cauchy-Schwarz inequality, we have

() ([ 1ot dx)z
() ([ v ax) ([ 1vwrar)
%)Z (%fmA () Vu; Vuy; dx) (%LiA (xX)Vv, Yy, dx)

(Zkﬂ>z(1f A (X)VuV d)(lf A (X)V0,V d)
=\|— -_— x)vu;vu; ax -_— X v;Vv; ax |.
a / \20 Jyy<any o 20 Sy <amy .

and

IA

IA

lim|l;;| = 0 = lim|J;;| =0,
n—oo n—oo
and hence

rlli_f){}o(lu‘ —J)=0. (52)

We estimate I5; and J5; in the same way. We use (28) and the fact
that
Sn(u)Vu; = Sp (w) VT, (),
to obtain the estimates
Izil < | 1S (w)Sn (i) (Tie (Wi — vi) A(X) Vo0 () VT (u)| dx
Q;
k

< —f A (x)Vu; Vu; dx.
T J | <2n)

Similarly,

k
[zl < ;f A (x)Vv; Vv; dx.
{lvil<2n}

Since u and v are renormalized solutions of (1), we apply (7) to get

1
lim —f A()Vu; Vu;dx =0
(luls2n)

n-o 2n

lim |I3;] < 2k -
n—-oo
(53)

i | < .
lim ;| < 2k - lim >

1
lim —f A (x)Vv; Vv, dx = 0.
(lils2n}
Next, observe that both S, (u;) and S, (v;) converge to 1 weakly-*
in L*(€;). So,
}lijg(lzi —J21)

= }llj{}o Lisn W)Sn (U)X (juy—vyy<ig DA (Vu; — Vo) - (Vu; — V) dx(54)

~ [ Xtz ATy = V9 - (T = 99 .
Q;

For I,; — J4;, note first that by Remark 2,

1(g: (e, wi) — g (6, v)) Ty (wi — v)| < klu; — v| € L'(Qy),
where the last inclusion is by Lemma 11. Since S,,(u;)S,(v;)
converges to 1 weakly-* in L*(€;),

lim (Iy; — J4:)
n—-oo

= Jim fﬂs (), () (9 (6 w) = 9uCx, V) T = v) dx oo

= R (9:Ce,wy) — 9:(6, ) (Ty (w; — vy)) dx.

For I5, we have
Is = J.h (0, Uy — uz) (S (U)Sn (W) T (Ug — v1) — Sn(U2)Sn(v2) Tie (U, — v3)) do.
r

By Remark 2,
[hCuy — up)| < hylug — Uyl
Then Lemma 11 implies that h(x, u; — u,) is integrable on I'. Now
that
[(Sn (1) S (v1) (Tie (Ur = V1)) = Sn(U2)Sn (V2) (Tie (U2 — 2)))A(x, g — )]
< (T (uy = v)h(xuy — up)| + [ Tie(uz — v2)h (X, uy — uy)|
< 2k|hCx,uy — uy)| € L(D),
Lebesgue dominated convergence theorem implies that

Jims = [ (Tiot =) = il = v2))ACe 13 — 1) do. (56)

Similarly,
limJs = [ (Tl = 1) = Tl = v,y = v2) dor. (57)
r

Since h is nondecreasing on the second variable, inequality (3) of
Remark 4 implies that
(T (uy — v1) = Tie(uz — v2)) (h(x, uy — up) — h(x, v, — 1)) = 0.

Lastly, Is; = Js; and so, combining (52), (53), (54), (55), (56) and
(57), we obtain the limit of the difference of (50) and (51) asn —

w’
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D [ Ko COAC Ty = V) - (T = T dx
i=1,2 2

+ Z Li(!]i(x,ui) — 9:(6, v)) (T (u; — vy)) dx 58)

i=1,2

+ J.(Tk(ul =vy) = T (up — v2))(h(x, uy — up) — h(x, v — v,)) do = 0,
r

for all k > 0. Since each of the integrals in (58) is non-negative, all
of them are actually zero. Since g or h, is strictly increasing, we
obtain u; = v; a.e. on (;, i = 1,2. This also implies that y;(u;) =
yi(v;), i =1,2, a.e. onT. Thus, the renormalized formulation of
(1) is unique.
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